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Abstract—This article proposed the Modified Structural Quasi Score (MSQS) estimators for Poisson regression parameters when a
covariate is subject to measurement error. We study the situation when the true covariate in the Poisson regression model is unobserved,
and the surrogate for this covariate is related to the true covariate by the additive measurement error model. We assumed that true
covariate as a random variable with unknown density function distribution and its observable values as surrogates, which also has
Poisson distribution. We applied the Empirical Bayes Deconvolution (EBD) method for estimating the true covariate density with a
finite discrete support set. To estimate Poisson regression parameters, we construct an MSQS estimating equation based on proper
functions for the mean and variance of the Poisson distributed surrogate. The MSQS estimator for the Poisson regression parameter is
the root of the quasi-score function based on the quasi-likelihood method. We did some simulation scenarios for assessing the MSQS
estimator by assuming the true covariate comes from Gamma distribution as a conjugate before Poison distribution. We compute the
standard error of the mean, standard deviation, and bias of the MSQS estimator for various sample sizes to examine the estimator's
appropriateness. The simulation showed that a combination of the finite discrete support set of surrogates based on the range values
and smaller-scale parameter of Gamma distribution yields smaller values of bias estimator and the estimated standard deviation.
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measurement error will lead to inconsistent estimators and
I. INTRODUCTION bias. In this article, we consider the case event count as the
response variable, and we work with unobserved covariate X

The Poisson regression model is one of the generalized ) M )
measured with error. Because X it is an unobserved covariate,

linear models used for analyzing count data where the ’ ]
response variable is a non-negative integer [1]-[S]. This we use observable covariate W as a surrogate, and it modeled

model is relevant for the analysis of count data in social and via additive measurement error model, W = X + e, where e
natural sciences, such as infometric [6], transportation [7], is measurement error and independent of (Y' X) and
insurance [8], predictors of length of stay among HIV identically distributed samples from a known density. Many
patients [9] and other application. In the Poisson regression methods have been proposed and mostly depend on the

model, the response variable Y has a Poisson distribution with distribution of e is known [10]-{13]. However, the methods
a rate parameter A that depends on a covariate X:log A = do not utilize the distribution of covariate X measured with

o+ 1X and the regression parameters o 1) are error (functional measuremgnt error) [14]-[18].
needed to estimate. In this article, we restrict to the case of In contrast to the functional measurement error mgdel,
one unobserved covariate X measured by error, and we called structural measurement error assumed X is a random variable

it surrogate W. If covariate X is measured without error and and has distribution. If this distribution can be specified
Poisson regression parameters are produced by maximum parametrically, it is possible to calculate them directly. We

likelihood (ML) estimation, it will be consistent and can get the conditional distribution of X' given W' as the
asymptotically efficient. However, if a covariate is measured posterior distribution if we get the prior dlStI:l]Z.)utlon of X,
with error, the ML estimator ignoring the -covariate denoted by g(x). We wused the Empirical Bayes
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Deconvolution (EBD) method proposed by Efron [9] for
estimating the density g(x) of X using surrogates W. In EBD
methods, g(x) is an unknown prior density that has
realizations X;, X5, ..., X, is unobservable. Each X; produces
a surrogate IW; according to a known probability density such
as Poisson distribution, W;~Poisson(X;). We use
deconvolution for estimating g(x) from the surrogate
Wy, Wy, ..., W,. Many literature studies on the deconvolution
problem, as in Efron [9] which focus on the additive
measurement error model. The Bayes deconvolution problem
proposed by Efron [9] use likelihood approach with the prior
density g(x) belongs to an exponential family of densities on
the space-X, denoted by T. The support set T is a finite
discrete set, T = (xq, X3, ..., X1 ), SO the prior g(x) is a n-
vector g = (9,92 -, gn) Which specifying probability g;
onx;,j=1,..,n

If the measurement error was ignored, it could lead to
inconsistent estimators of the regression coefficients, and we
need another method for estimating the regression coefficient.
Many statistical methods are proposed for estimating a
parameter of a regression model with covariate measurement
error such as [19]-[29], especially for a Poisson regression
model with covariate is subject to measurement error [19],
[23], [24]. The quasi-likelihood method for Poisson
regression models with covariate contains measurement error
required posterior distribution of the unobserved covariate X
given the observed covariate W. Structural Quasi Score (SQS)
estimators for Poisson regression parameter was one of the
estimators in Poisson regression where covariate contains
measurement errors, but in [19] and [23], X and e have a
normal distribution.

In this article, we also use the assumption of the non-
differential measurement error, which means that the
conditional distribution of Y given X is independent of
W: fyixw = frjx- This paper proposes a quasi-likelihood
method for modeling count data by the Poisson regression
model when one covariate is measured with error, and we
called it a modified SQS estimator. We modified the quasi-
score estimator proposed by Efron [14] for estimating the
regression coefficient of the Poisson regression model. First,
we estimated the density of unobserved covariate as the prior
density of Poisson distributed surrogate by the EBD method.
After getting the probability estimation for every
discretization in support set of an unobserved covariate, we
constructed the quasi-score function based on the mean and
variance function of the Poisson surrogate.

This paper is organized as follows. In Section 2, we derive
the quasi-likelihood approach for the Poisson regression
model proposed by Efron [14] with measurement error in one
covariate X. We compute mean and variance function from
the observed sample W; when the unobserved covariate X;
measured with errors by finding the roots of the quasi score
estimating equation. Section 3 proposed a modified SQS
estimator for the Poisson regression parameter by
constructing a new quasi score function with mean and
variance functions from the prior density estimate of X given
W by the EBD method. Some simulation studies are carried
out to assess the performance of the proposed estimator. The
conclusion is given in Section 4.
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II. MATERIALS AND METHOD

A. Poisson Regression with Covariate Measurement Error

In a Poisson regression model, the response Y has Poisson
distribution with a parameter 1 = A(X, 8) = exp(B, + B, X)
that depends on one covariate X measured with error as
described in [10] and [14]. Let a sample observation of i.i.d
pairs (X;, Y;),i =1,..,n , the parameters B, and B, are
estimated by the maximum likelihood method with the log-
likelihood function of f5:

1(B) = LiLalYiln A(X;, B) — A(X;, B)] (1
and derive to the estimating equation.
LalY; — exp(By + B X)](LX)E =0
If covariate X; is measured with error, we use a surrogate IW;
which modeled in additive measurement model such that
W, =X +e (2)
where e; is the measurement error, independent of
(X;,Y;), and we assume normally distributed e;~N(0,02)
with known variance or can be estimated from independent
replications of W;. As in the measurement error model, we
assume the structural measurement error model, so we treat
covariate X as a random variable and distribute probability.
Kukush et al. [23] assumes that X;~N(u,,02), and by
conditioning on W, the SQS estimator is constructed which is
consistent and it has derived from the quasi-likelihood method.
The quasi-likelihood approach requires the specifications of
the mean and variance function for the Poisson regression
model. According to Thamerus [19], the first step to obtain a
quasi-likelihood model in the observable variable is to set up
the unobservable mean and variance function as the
distribution of Y; given X; and define two conditional
moments as the function:
E(Y;1X;) = u(X;, B) = ePorhaki 3)
Var(v1X) = g (X, B) = efori¥i 4)
where 8 is the vector of the Poisson regression parameters.
Mean and variance function for the surrogate
EY; W) = m(W;, B)
Var(Y;|W,) = VW, B)
then a quasi-likelihood model in the surrogate defines as
mW,, B) = E(E(Y;|X;, W)W = E(u(X;, HIW,) =
E(eﬁo+ﬁ1xi|]/|/i) = eBO.E(e‘BiXiWVL-)
VW, B) = Var(E(Y;|X;, W)IW) + E(Var (Y;| X, W)IW,)
= Var(ﬂ(Xuﬁ)lvvl.) + E(O-z Xl.’ﬁ)lvvl.)
= Var(eB0+B1Xi|Wi) + E(eﬁo"ﬁixiﬂ/lli) (5)
We know that
Var(eBO+B1Xi |VVI.)
=F [(3B0+B1Xi)2|l/|/i]
— [E(eﬁo+ﬁ1xi|]/|/i)]2
= E[e2Bo+2hiXi|y;] — [ePo. E(eﬁixim)]z
= e2bo E[e2F1Xi|W;] — [eﬁo,E(eﬁixiW)]z
then
VW, B) = e?Po. E(e2PrX|W;) — [ePo. E(ePXiw;)]” + ePo. E(ePr¥iw;) (6)
From equation (6), we have to get the conditional
distribution of X; given W; for compute expectations of the



form E(e**i|W;) and derive expressions or m(W;, f), and
V(W;, B). Because we use a structural additive measurement
model in equation (2), we will compute the conditional
distribution of X; given W; as posterior distribution when the
distribution of W; is known using the empirical Bayes
deconvolution method proposed by Efron [9]. Kukush et al.
[14] give an unbiased estimating equation as the quasi score

function:
S"(B) = Xy si(B) = Biu, T pel Sl (7)
The SQS estimator for the Poisson regression parameter
B = (B,, By) is defined as the root of the quasi score function
s(B) = 0. For finding the root, we differentiate the mean
function m(W;, B) with respect to B, and B; estimation is
carried out by solving s(8) = 0 as a nonlinear equation
system in 8, and B; numerically.

n
i=1

B. Empirical Bayes Deconvolution Method

Let an unknown prior density g(x) has an observed
independent random sample of realizations X, ... X,:

X1, Xpy ey Xp~g(x) 8)

Each X; independently produces an observed random
variable W; as a surrogate with known probability densities
for W; given X;:

Wi Xi~p(W;|X;) = Poisson(X;),i =1,...,.n (9

The EBD method can be used for estimating the prior
density g(x) using sample observation W;, ...W,,. The EBD
method is an estimation procedure g(x) based on sample
observations from f(w) by using a likelihood approach to
EBD problems with prior g(x), which is modeled through
exponential family density in space-X, denote by T. Support
set T is assumed to be a finite discrete support set, and T is
discretized as many points as W;, and we consider it as a
surrogate of unobserved X;:

XeT= {X(l),X(Z),. . ,X(n)}

The prior distribution g(x) is an n-vector g = (g4, --., gn)
which specifies the probability g; on x; and modeled as an
exponential family of densities on T,

g = g(a) = exp{Qa — p(a)}¢(a) = log ¥, exp{Q]a} (10)
where a = p-dimensional vector and @ = known n X p
structure matrix. The-j component of g(a):

gi(a@) =Pr{X = x(l-)} = exp{QJTa —p@}j=1,..,n (11)
Define p;; = pi(Wi|Xi = x(]-)) and denote P; as n-vector
P, = (pi1, -, Pin)T, then the marginal probability for W;:

fila) = X% pijg;(@) = Pl g(a)
For the maximum likelihood estimation, the loglikelihood
function for the vector parameter a = (al, e a’p)Tis:

li(a) = logf;(a) = logP] g(a)

with p-dimensional first derivative vector and p X p -
dimensional second derivative matrix

i@ = (29, @ = (

6li(a)
6ah

6zli(a)
’ 6ah6ak ’
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For W; with n observation, the total loglikelihood I(a) =
™1 Li(a) has first and the second derivative is:

(@) =X (@) = Q"X Bi(a) = Q"B,«

where
B;(a) = {b;;(a), ..., by ()}"
Dij
by (@) = g,(@) {755 -1}
and '

—l(@) = Q"[Bi(@)B;(a)" + Bi(@)g(a)" + g(a)B; ()" —
dig{B;(@)}]Q

According to Efron [9], maximum likelihood estimation & for
«a satisfies:

Q"B (@) =0 (12)
where B, (&) = X, B;(&), so we get the prior distribution
estimation of X;, § I (x( ]-)), j =1,..,n for every discretization
point in finite discrete support set, T. Based on the definition
of marginal density, the marginal density of W is:

fw, (wy) = inp(vvilxi)g(xi) (13)

C. The Modified Structural Quasi Score Estimator for
Poisson Regression Parameters
The mean and variance functions of the surrogate model
based on the quasi-likelihood approach in equation (5) and (6):
m(W,, B) = efo. E(e#¥w;)
VW, pB) = ezﬁolE(ezﬁinlVVi) — [eﬁo.E(eB1Xi|Wi)]2
+ eBO.E(e‘leilVVi)

have a term of the conditional distribution of X; given W;. We
assume the conditional distribution of W; given Xj, fiy,x, is
the Poisson distributed with rate X; and the prior density
estimation §;(x;) for every discretization point in support set
T are estimated by the EBD method. From equation (10), we
get the marginal density fy, (w;), and we compute the joint
probability distribution of X; and W :

fxi,wi (x;, wy) = fwi|xi(Wi)-§i(xi) (14)
The conditional probability of X; given W is given as follows:

fxw;(xpwy)
frgw, () = ———— (15)

fw;wy)
Using equation (15), we can compute the mean function and
variance function in equation (5) and (6) as a function of the
Poisson regression parameter for X;),i = 1,..,n:
Xn i
m(W,;,B) = eﬁ"-zxilje(ﬁlx(”)PT(X(i) \w;)
m(W,B) = ePo[e(F¥w)Pr(xyy) W) +
eBX@ ) Pr(Xeyy [Wy) + -+ e(BXe )Pr(X oy W]
Let k; = Pr(Xg) |W,),i = 1, ..., n, then:
m(]/yl’ﬁ) — kleB°+B1X(1) + kzeﬁo+ﬁ1x(z)+ L+ kneﬁo+ﬁ1x(n)
Variance function in equation (6) as follows:
* * 2
VW, B) = e?Po. E[e@BXD W] - [eﬁo_E[e(ﬁlxi )|Wi]]
+ eﬁn_E[e(ﬁ1X;)|Wi]
First, we computed E [e(zﬁix(l’) )|Wi] as follows:
X
E[e(zﬁlx(l’))|Wi] = Z e(2B:Xq) )Pr(X(l-) W)
X



= [e(2ﬂ1x(1) )PT(X(D |W1) + e(2ﬂ1x(2) )PT(XE |W2) + ..

+ (2B X )Pr(X(n) |Wn)]
then
V(VV“ﬁ) = [klezﬁo"'zﬁix(m
+ k262‘80+2‘81X(2)+ L+ kn62B0+2‘81X(n)] _

[kleB°+‘81X(1) + k26B0+B1X(2)+ L+ kn€B0+‘81X(n)]2 +
[kleB°+‘81X(1) + k26B0+B1X(2)+ L+ kne‘B0+‘81X(n)]

For constructing the quasi-score function, we compute
the partial derivative of mean and variance function with
respect to §. The estimated regression coefficient of the
Poisson regression model is carried out by solving the quasi-
score equation s(B) = 0 as a nonlinear system in 8. We
called it the modified SQS estimator for the parameter 8 as

follows:
n) _yn 9mWyp) Yi—mW;p)
N (ﬂO) 21:1 3B, v(w,B)

n

S(n)(ﬂ1) = Z

i=1

omW,,B) Y, —mW,B) _
B, VW, B)

III. RESULTS AND DISCUSSION

We did some simulation scenarios to explain the estimation
methods. The following steps were conducted:
Step 1: Generate covariate measured with error X; and
surrogate  data W,i=1.,n. We  choose
n=>50,100,200,300. The vector of covariate

X;~Gamma(2,1), X;~Gamma(1,2) and surrogate

data W;~Poisson(X;)

Step 2: Using surrogate data W, ... W, support set T for X;
is chosen based on the value of surrogate data W;:
T= {x(l),x(z), . .,x(n)}. We choose 2 types of finite
discrete support set T = [min(W;), max(W;)] and
T=[Q,(W,),Qs(W;)] compute prior density
estimation, §(x;) = Pr(X; = x(]-)),j =1,..,n by
EBD method using R package deconvolveR

By setting the vector of the Poisson regression model
parameter § = (1,—1), we generate the response
data Y; from a Poisson distribution with parameter
A =e'™0,i=1,..,100

Compute the marginal density of W; as in equation
(13) and fy,w,(x;w;) in equation (14), then we

Step 3:

Step 4:

compute conditional expectation E (eﬁlxi|Wi) and
E (ezﬁixiﬂ/lli) based on the conditional distribution
fxi|wi (x;)

We compute mean and variance function as in
equation (5) and (6) and construct quasi score
function s1°°(B)

We find the root of s°°(B) = 0, as the modified
SQS estimator for the Poisson Regression model
parameter: § = (B, ;)

Step 1 to 5 are repeated 1000 times and compute the
mean, standard error of the mean, standard deviation,
and bias of modified structural quasi score estimator

B = (BO'BI)

Step 5:

Step 6:

Step 7:

All the steps are described in a flowchart, as shown in Fig.

1. The simulation is done by R package [30] and result of
simulation studies are shown in Fig 2-3 and Table 1.

| generate X~ Gamma(2,1) & Xy~Gamma(L,2), Wy~Poizson(X )i =1, ...n |
!

‘ Zetsuppartsat T for X0 T = [min (W), max(W, )] ad T = [§, (W), @, (9] ‘
'

‘ Compute prior density estimation §(x,) = Pr(¥, = x;,),j = L...n ‘

‘ Setf, =18 =—1,and g&nerale*respunse ¥,~Paissen(i; = "%} }.....
!

Sample :
Data '

Compute E e}, E(e*#%: W, ) bazed on fy i, (x,) and

mean and variance fanction E(Y;|W 1 = m{W,, 81, Var (¥ |} = VW, 2)

1000
i replication

!

| Constructs construct quast score fuaction £'0(8) |

'

| Find roat of """ (81 =0 |

i

| Find root of s"""(#) = 0 |

v

‘ Compute Mean, 5E of Mean, 5td Deviation and Bias

'

Fig. 1 Flowchart of simulation method
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TABLE I

ESTIMATION RESULTS FOR POISSON REGRESSION PARAMETER BY MODIFIED STRUCTURAL QUASI SCORE ESTIMATOR B = ([)30, ﬁl)

Prior N SE bo ﬁSIE
Distribution Mean StDev  Bias Mean StDev  Bias
Mean Mean
T =[Q,(W,),Q.(W;)] 50 1298 131 4141 1288 -265 079 2516  -2.55
T = [min(W;), max(W;)] 50 1920 140 4437 1910 -099 024  7.64 -0.89
T =[Q,(W;).Q.(W;)] 100 18.11  1.69 5353 18.01 -2.97 0.88 2795 -2.87
T = [min(W;), max(W;)] 100 19.47 142 4476 1937 -155 043 1359  -1.45
Gamma (2,1) T = [Q,(W;),Q.(W;)] 200 16.04 1.93 61.05 1594 -1.95  0.27 8.60 -1.85
T = [min(W;), max(W;)] 200 19.16 213 6734 1906 -121  0.15 463 -1.11
T =[Q,(W;), Q.(W;)] 300 19.53 229 7240 1943 -48 182 5751 472
T = [min(W;), max(W;)] 300 2081 177 5599 2071 -204 066 2087 -1.94
Prior N SE Bo ﬁle
Distribution Mean StDev  Bias Mean StDev  Bias
Mean Mean
T = [Q,(W;). Q.(W;)] 50 19.02 172 5437 1892 222 052 1648  -2.12
T = [min(W;), max(W;)] 50 2193 153 4852 2183 -1.02 0.7 545 -0.92
T = [Q,(W,),Q.(W;)] 100 1494 222 7010 1484 221 038 1193  -2.11
T = [min(W;), max(W;)] 100 2286 1.56 4929 2276 -1.09  0.19  5.96 0.9
Gamma (1,2) T =[Q,(W;),Q.(W;)] 200 18.38  1.68 53.11 1828 221  0.34 10.89  -2.11
T = [min(W;), max(W;)] 200 2204 188 5931 2194 -124 016 517 -1.14
T =[Q,(W;).Q.(W:)] 300 17.15 175 5540  17.05 -195 0.15 478 -1.85
T = [min(W;), max(W;)] 300 2511 155 4896 2501  -126  0.13 424 -1.16
& 84 4
o = = ¥4
3 3 .
£ g .|
€ g _
o 27 © S 4 — n=200
— n=300
T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
Data Set Data Set
(a) Gamma(2,1), T=[Q(W:),Q3(W))]
— n=50
S 4 — n=100
& - — n=200 o
£ — n=300 2
i £
5 81 -
a 5o
s k)
E g 5
3 3
o |
8 _ T T T T T T
! f I I I I ' 0 200 400 600 800 1000
0 200 400 600 800 1000
Data Set
Data Set

(b) Gamma (2,1), T=[Min(W;),Max(W;)]
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° ®
@ e
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0 200 400 600 800 1000 0 200 400 600 800 1000
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R — =100 o 2 =100
- — =200 3 — n=200
£ 8 — n=300 £ o | — n=300
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i i
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< © Q7
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2 8 = w1
£ g 2
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() N O
o
o | a7
T T T T T I [ [ [ [ [ [
0 200 400 600 800 1000 0 200 400 600 800 1000
Data Set Data Set
(d) Gamma (1,2), T=[Min(W;),Max(Wj)]
Fig. 2 (a)-(d) Cumulative Mean Plot of B = (ﬁ’o,ﬁ’l) forn = 50,100,200,300
Bias of Beta_0 Estimate Bias of Beta 1 Estimate
30 0
= -0.5
- -1
20 -1.5
15 2.5
10 3.5
-4
%
’ -4.5
3 Gamma(2.1), Gamma(1.2) Gamma(2.1) Gamma(1.2) 7 Gamma(2,1). Gamma(1.2). Gamma(2.1). Gamma(1.2).
T=QIW).Q3 (W] T=QLWI.Q3(Wi)]  T=[Min(Wi)Max(Wi)] T=[Min(Wi) Max(Wi)] T=RI(WD.Q3(Wi)]  T=[QIWD).Q3(WD]  T=[Min(Wi) Max(Wi)] T=[Min(Wi)Max(Wi)]
—n=50 =——n=100 ——n=200 ——n=300 —n=50 =——n=100 ——n=200 ——n=300

Fig. 3 Bias plot of modified SQS estimator B = (ﬁ’o,ﬁ’l)

IV. CONCLUSION

We considered the modified SQS estimator for the
parameters of a Poisson regression model with measurement
errors in a covariate. According to a known probability
distribution, the true covariate measured with error comes
from an unknown density function and has yielded observable
values as a surrogate. We estimated the probability density
function of true covariate as the prior density of Poisson
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distributed surrogate by the Empirical Bayes Deconvolution
(EBD) method. After getting the probability estimation for
every discretization in support set of the true covariate, we
modified the mean and variance function in the quasi
structural score estimating function proposed by Kukush et al.
[23], and the modified SQS estimator is the root of the quasi
structural score estimating function. For assessing the quality
of the estimator, we did some simulation scenarios, and we
compute the standard error of the mean, standard deviation,



and the bias of the modified SQS estimator. As a result of the
simulation, the bias of the modified SQS estimator has smaller
values for the smaller-scale parameter value of Gamma
distribution and becomes larger for the interquartile range
discrete support set. In the next research, we will investigate
the consistency of the modified SQS estimator and use more
than one covariate contain measurement error in the Poisson
regression model, and the estimation theory developed in this
paper can be extended to the case where the distribution of the
surrogate is not just a Poisson distribution but any discrete or
continuous distribution.
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